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Elastic waveguides are often applied in the acoustic 
nondestructive evaluation systems. Even though elastic waves 
in the waveguides are studied in the literature rather in 
detail, the very important problem of the incident wave 
interaction with the waveguide and its re-emission into the 
waveguide practically hasn't been studied. 
The mechanical system has been considered, which 
contains the elastic half-plane (the object, being 
controlled), and planar waveguide in the form of 
semi-infinite strip, rigidly engaged with the half-plane by 
its end. On the free boundary of the half-plane, the 
spreading harmonic surface Rayleigh wave has been given, 
incident on the waveguide. 
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THEORY 
In the Cartesian normalized coordinate system the 
semi-strip (waveguide) occupies the region Ixl ~ 1, 0 ~ y <00 
the half-plane is y~O (Figure 1).The material density of 
the semi- strip p, Lame constants A and ~, displacements 
along X and Y axes are u(x,Y), v(x,Y). The lateral edges of 
semi-strip and the boundary of the half-plane, out of the 
contact area, are free from stresses, exp(iwt) is omitted. 
6x (±1, y) 
6*y(x,0) 
In the coupling area 
t(±l,y) 
t* (x, 0) 
o 
o 
y f 0 
I x I > 1 
(1) 
( 2) 
a) 6y (x, 0) = 6* y (x, 0) = f(x), t(x,O) = t* (x, 0) = g(x), (3) 
b) u(x,O) = u* (x, 0)' v(x,O) = v* (x, 0), Ixl <1 
f(x) and g(x) are unknown contact stresses. 
We'll solve the auxiliary dynamic problem for the 
half-plane y~O with boundary conditions 
- x 
Figure 1. The problem diagram, Rayleigh wave reception. 
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6/ 1 )(x,0) 
6y (1)(X,0) 
f(x), 1(1)(X,0) 
1( 1) (X, 0) = 0, 
g(x), Ixl<1 (4) 
Ixl>1 
Using the Fourier-transform on the X-coordinate and 
taking into account the radiation conditions separately for 
longitudinal and shift waves and the principle of the 
limitary absorption [1] we find the solution for the 
auxiliary problem U(1) (x,V), V(1) (x,V). 
The solution should be divided into the symmetric and 
antisymmetric parts, representing the load in (4) in the form 
of the symmetric and antisymmetric parts 
f(x) = fs (x)+fa (x), g(x) = gs (x)+ga (x) (5) 
Taking into account (5) we obtain the solution of the 
auxiliary problem in the form of 
U(1)(X,V) 
v( 1 ) (x, V) 
Us ( 1 ) (x, V) +Ua ( 1 ) (x, V) 
vs (1) (x,V)+Ua(1) (x,V). 
The field of displacements into the half-plane is the 
sum of solutions of the auxiliary problem and the 
predetermined surface wave 
u· (x,V) 
v· (x, V) 
U( 1) (x, V)+UR (x, V) 
V( 1 ) (x, V) +VR (x, V) 
(6 ) 
We'll consider the semi-strip with the boundary 
conditions (1), (3).The semi-strip displacements are 
represented in the form of rows of the eigenfunctions 
U(x,V) 
co 
L Cnun(x)exp(i~nV) 
n=1 
co 
V(x,V) = L Cnvn(x)exp(i~nV) 
n=1 
(7 ) 
where ~n are the roots of dispersion equation for the 
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infinite strip with free boundaries. From the conditions of 
bond (3a) and representation (5) we have 
00 00 
fs(x) = L Cn (S)6yn (S)(x)' gs (x) = L C (S)'( (s) (x) n n ' 
n=1 n=1 
00 00 
fa (x) = L C (a)6 (a) (x) n yn ' ga (x) = L Cn(a)'(n(a) (x) 
n=1 n=1 
Using the variational principle of Reissner, written 
for the semi-strip, taking into aBcount the boundary 
conditions (3b), we obtain the relation 
1 
(8 ) 
J{ My (x, 0) [v (x, 0) -v· (x, 0) J +0'( (x, 0) [U(x, 0) -u· (x, 0) J }ctx=o 
-1 (9) 
At the angular pOints of the coupling region of the 
semi-strip and half-plane (±1,0) there is a singularity of 
the stress field [2J. At the polar coordinates with the 
center in the angular pOits the stresses have the form 
(10) 
The constant q is found from the transcendental equation. 
Further the symmetric and antisymmetric vibration are 
considered seperately. The results are presented for the 
symmetric vibratrions, index Itslt being omitted for 
simplification of the record. 
Using the representation (7), we may show, the 
singularity required (10) take place with the following 
asymptotic behaviour of constants 
(11 ) 
When predetermining the asymptotics of the constants in the 
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form of (11), the stresses represented by the rows according 
to the eigenmodes with y>O converge. However, at the end of 
the semi-strip with y=O for the region x f 2q -1, the rows 
indicated will be divergent [3,4]. For the determining of 
stresses in the whole region of the end, it is necessery to 
attract the methods of the generalized summation of rows. 
Having used the result of summation by the Chesaro method of 
the rows of binomial coefficients from [5], the stresses at 
the semi-strip end may be represented in the form [6] 
p=l, 2; 61 (x, 0) = 6y (x, 0), 62 (x, 0) = L (x, 0), 
N-l is the number of the exectly determined constants Cn; 
6p O(x) are the functions, obtained as the result of the 
generalised summations of the divergent rows at the end of 
the semi-strip. The stresses, presented in the form (12), 
converge on the whole end, except the pOints, where they give 
the singularities of the form (10). 
Using the expressions for the displacements (6) and 
taking into account the asymptotics of the constants (11) and 
the representations of stresses in the form of finite sums 
(12), from the variational relation (9) we come to the 
finite algebraic system 
N K 
L Cn (an j +an i ( 1 )) + L 
n~l n~N+l 
j=l, 2, ... K+1 
1 
-(~n)l-qCoanj+Boanj'+Coaj+Boaj'=1Jj 
ch~n ~ 
(13) 
The first sum in (13) is taken according to the 
exactly determined real, imaginary and complex roots of the 
dispersion equation, in the second one the asymptotic values 
of the complex roots and the constants desired are used. 
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Coefficients of the system anj are determined according to 
the eigenfunction for the semi-strip. anj (1) being found as 
the integrals from the functions depending on the parameters 
both of the semi-strip and the half-plane and contained the 
denominator of Rayleigh ~R(a). The coefficients a j depend on 
the function 6p o(x.0). The parameters of the predetermined 
Rayleigh wave enter into the free members b j . 
NUMERICAL RESULTS 
Numerical results have been fulfilled with ~=~1. P=P1. 
v=v1=0.29. In this case q=0.54. The solution has been 
researched with Q=0.5, when in the semi-strip one of the 
spreading waves is exist. and with Q=3.0. when three 
spreading waves exist. Q=2wlnc2 • c2 _lateral waves velocity. 
In Table 1 and Table 2 for Q=0.5 and Q=3.0 the values of 
constants are presented. which determine the wave field in 
the receiving system and the amplitudes of the spreading 
modes Vi' Here Ai are the constants corresponding to the 
Table 1. The solution of the system when Q=0.5. 
A1 C1 B1 C2 B2 V1 
Re -0.004 0.337 -0.258 -0.257 0.185 0.2 
1m 0.028 0.176 0.095 -0.130 -0.036 
Table 2. The solution of the system when Q=3.0. 
A1 A2 A3 V1 V2 V3 
Re -0.007 -0.022 -0.074 0.41 0.59 0.43 
1m -0.008 -0.032 0.068 
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Figure 2. The field of the stresses in semi-strip with 
Q=3.0. - Re, --- Im . 
spreading modes, Ci and Bi are the constants corresponding to 
the damped modes, with the complex-conjugated roots. 
The stresses in the cross-sections of the waveguides 
with the different values of yare shown in the Figure 2.With 
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the low frequency. when Y>l. the waveguide behaves in good 
correspondence with the rod theory. However. near the contact 
region the lateral displacement u and tangential stress ~ are 
comparable with the logitudinal displacement v and the stress 
6y , the stress distribution in cross-section is essentially 
non-linear. The complicated character of the stress field 
near the end of the semi-strip. kept even with low 
frequencies. is determined by the damped modes of vibration 
and the singularities of the stressed state in the angular 
pOints. 
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